Using an idea of Voisin, we give examples of nonzero Koszul cohomology classes on curves that cannot be obtained from the nonvanishing theorem of Green-Lazarsfeld.
Introduction
Let X be a smooth complex projective variety. The geometry of X is reflected in the behaviour of the Koszul cohomology groups K p,q (X, L) introduced by Green [2] , more specifically the vanishing/nonvanishing of certain Koszul cohomology groups. The fundamental result in this direction is the nonvanishing theorem of Green-Lazarsfeld [3] . This theorem states that if a line bundle L admits a decomposition L = L 1 ⊗ L 2 with r i = h 0 (X, L i ) − 1 ≥ 1 (i = 1, 2) then K r 1 +r 2 −1,1 (X, L) = 0. Voisin [7, (1.1) ] has given a different proof of this result under the hypothesis that L 1 and L 2 are globally generated.
The aim of this note is to give a more geometric approach to this type of problems using the following construction due to Voisin. Given a rank two vector bundle E on X with determinant L, Voisin [9, (2.22) ] defined a homomorphism
By a Lemma of Voisin, see Lemma 2.1, this homomorphism enables us to define elements of K p,1 (X, L). If we take E = L 1 ⊕ L 2 , we get back the classes constructed by Green and Lazarsfeld. It is natural to ask whether indecomposable rank two bundles could give rise to nonzero Koszul classes in cases where the original Green-Lazarsfeld construction does not apply; see e.g. [6] for relations between syzygies and rank two vector bundles. We call such classes indecomposable Koszul classes. However, the situation is rather subtle. It is possible to construct nonzero Koszul classes on K3 surfaces with cyclic Picard group obtained from indecomposable rank two bundles on the surface, that come from Green-Lazarsfeld classes on a hyperplane section via the Lefschetz theorem [9, Remark 1]. Therefore we concentrated on the construction of indecomposable Koszul classes on curves.
In the case of curves, Green's duality theorem shows that nonvanishing of Koszul cohomology is strongly related to the non-surjectivity of the multiplication map
for base-point free linear subspaces W ⊂ H 0 (X, L); see Remark 2.9. This observation leads to a short proof of the Green-Lazarsfeld nonvanishing theorem for curves; see Corollary 2.8. To emphasize the connection with the homomorphism ϕ mentioned above, we have chosen to rephrase this construction in terms of rank two vector bundles. This gives an explicit expression for the Koszul classes involved. Using this method, we give examples of indecomposable Koszul classes; see Example 2.12 and Remark 2.13.
Koszul classes coming from geometry
Let E be a rank two vector bundle on a smooth projective variety
Given t ∈ U , choose a complement W ⊂ U of t and define a linear map
If d t is injective, we can associate a Koszul class γ(W, t) ∈ K p,1 (X, L) to the pair (W, t) in the following way. Put W t = d t (W ) ⊂ V , and consider the map f :
given by contraction with the identity e ∈ V ∨ ⊗ V . The element i e (f ) maps to zero in
Proof: Choose a basis {w 1 , . . . , w p+2 } of W and note that
The proof is finished by the following observation. Given four elements u 1 , u 2 , u 3 , u ∈ U we have the relation
The following Lemma gives a necessary and sufficient condition for the injectivity of d t .
Lemma 2.3 Given a nonzero section
Taking global sections, we obtain an exact sequence
Hence d t is injective if and only if
h 0 (X, O X (B)) = 1.
Proposition 2.4
We have γ(W, t) = 0 if and only if there exists a linear map h : W → C such that
for all w 1 , w 2 ∈ W .
Proof: Suppose there exists a nonzero element g ∈ p+1 W t ∼ = W ∨ t such that f = i e (g). Then f equals the composition of maps
t . As above one checks that f = i e (g).
From now on we assume that X is a smooth curve.
be a linear subspace, and put C = Bs(W ). Let
be the multiplication map. The following conditions are equivalent.
(i) The map µ is not surjective;
(ii) There exists a non-split extension
Proof: We first show that (i) implies (ii). Since µ is not surjective, there exists a hyperplane
be the corresponding non-split extension. Given w ∈ W and v ∈ H 0 (X, K X (−B)), the formula
shows that W is contained in the kernel of δ.
For the converse, note that formula (2) implies that α| im µ ≡ 0.
In the sequel we need another Lemma.
Lemma 2.6 Notation as before. Let s 1 , s 2 ∈ W be two sections that generate L(−B − C). For any two liftings
Proof: Consider the commutative diagram
Put M = ker ev 1 , and note that ker ev 2 ∼ = L −1 (B + C) since ev 2 is surjective. By the Snake Lemma we obtain an exact sequence
Note that
by [8, p. 380] . If M = 0, then rank im ev 1 = 2, and we are done. Suppose, then, that M = 0. The above exact sequence shows that
, the inverse of which is a splitting of the extension defined by ξ, contradiction. Proposition 2.7 Notation as before. If h 0 (X, O X (B)) = 1, dim W = p + 2 and one of the equivalent conditions of Lemma 2.5 is satisfied then K p,1 (X, L) = 0. Proof: Let t ∈ H 0 (X, E) be the image of the generator of H 0 (X, O X (B)). We identify W with a subspace of H 0 (X, E) using a splitting σ : W → H 0 (X, E). By Lemma 2.1 we obtain a class γ(W, t) ∈ K p,1 (X, L). Suppose that γ(W, t) = 0. By Proposition 2.4 there exists a nonzero linear map h : W → C such that
for all u 1 , u 2 ∈ W . By Lemma 2.6 there exist u 1 , u 2 ∈ W such that d(u 1 ∧ u 2 ) = 0. In addition we may assume that u 1 ∈ ker h, u 2 / ∈ ker h. We then obtain d(
Lemma 2.6 shows that this is impossible, since {u 1 , u 2 + h(u 2 )t} is a lifting of {s 1 , s 2 }. Proposition 2.7 yields a short, geometric proof of the Green-Lazarsfeld nonvanishing theorem for curves.
Corollary 2.8 (Green-Lazarsfeld) Let X be a smooth curve, and let L be a line bundle on X that admits a decomposition
Proof: Write L i = M i + F i with M i the mobile part and F i the fixed part. Put B = F 1 ∩ F 2 and choose
splits by Proposition 2.7, hence there exists an injective homomorphism
In particular there exists i ∈ {1, 2} such that Hom(L(−B−C), L i ) = 0. This implies that
and this is impossible since r 1 ≥ 1 and r 2 ≥ 1.
Remark 2.9 One can also prove Proposition 2.7 using Green's duality theorem [2, Corollary (2.c.10)]. We have
and since h 0 (X, O X (B)) = 1 we have an injection
However, this method does not exhibit the rank two vector bundle E explicitly.
Definition 2.10 Let X be a smooth curve and L a line bundle on X. A Koszul cohomology class γ ∈ K p,1 (X, L) is called decomposable if γ is obtained from a decomposable rank two vector bundle, i.e., from the original Green-Lazarsfeld construction.
Remark 2.11 Consider a K3 surface S ⊂ P 2k with Pic(S) = Z L , and let X ∈ |L| be a smooth curve of genus 2k. Let D be a minimal pencil on X, let F be the rank two vector bundle obtained via the elementary modification
and let E = F ∨ be the associated Lazarsfeld-Mukai bundle [5] . Put
. 380] has shown that the determinant map does not vanish on decomposable elements. A small computation shows that the associated Green-Lazarsfeld-Voisin classes in
are nonzero if k ≥ 2; see also [6, Example 6.3] . However, they come from Green-Lazarsfeld classes on X under the isomorphism
It is possible to produce indecomposable Koszul classes on curves using the Green-Lazarsfeld-Voisin construction. Consider a smooth non-hyperelliptic curve X of genus g and Clifford index c, and let x be a point of X. The Green-Lazarsfeld construction gives
The Green conjecture predicts that this result is optimal for the canonical bundle. One could ask whether it is possible that K g−c−2,1 (X, K X − x) = 0. Such an example cannot be obtained from the Green-Lazarsfeld construction. Indeed, suppose that there exists a decomposition
Using Riemann-Roch one shows that
Note that the line bundles L 1 and L 1 + x contribute to the Clifford index. There are two possibilities.
Below we give examples of smooth curves X such that K g−c−2,1 (X, K X − x) = 0. + 2 such that
is not surjective. Recall that for any n ≥ 1 the line bundle O P (n) is n-very ample, i.e., H 1 (P 2 , O P (n) ⊗ I Z ) = 0 for every subscheme Z ⊂ P 2 of length ≤ n + 1. This property fails for subschemes of length n + 2, for instance n + 2 collinear points. The isomorphism
is base-point free of dimension
shows that im µ ⊆ im i * . Hence it suffices to show that
is not surjective. To this end, consider the exact sequence
) ⊗ I) = 0 and H 1 (P 2 , O P 2 (2d − 6) ⊗ I) = 0, hence i * is not surjective.
Remark 2.13 Given a smooth curve X such that gon(X) = δ ≥ 2, the Green-Lazarsfeld construction shows that The case d = 5 shows that the above bounds are not optimal for g = 6.
